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Abstract
We show that Grover’s algorithm defines a geodesic in quantum Hilbert space
with the Fubini-Study metric. From statistical point of view Grover’s algorithm is
determined by a condition of minima for Fisher’s information function.
1.- Recently a lot of attention has
been paid to the problem of dening quan-
tum algorithms [1] [2] [3]. Generically a
quantum algorithm denes a discrete path
in a quantum Hilbert space with the end
point of the path corresponding to a quan-
tum state that, after an appropriated mea-
surement, will eventually provide, with
high probability, the answer to a given
problem. In this note we will work out
some geometrical aspects of quantum al-
gorithms. In particular, and taking as ex-
ample Grover’s algorithm [3], we will show
that the path - in the quantum Hilbert
space- associated with the algorithm, is
a geodesic in Fubini-Study metric [4] [5]
3. Geodesics in quantum Hilbert space
are intimately connected with Fisher infor-
mation function [7]. Using Fisher’s func-
tion we will dene a formal Lagrangian on
probability space such that their trajecto-
ries coincide with the quantum algorithm
path.
2.- Grover’s algorithm provides a way
to nd, by means of a quantum com-
puter [1], one particular item - in a set of




N iterations. This algorithm
is known to be optimal [8]. In order to
dene the algorithm let us introduce the
quantum state:





The algorithm is determined by a set of
states j ψij :
j ψij = kj j 0i +
N−1∑
i=1


















3For a previous analysis on the geometric of Grover’s algorithm see ref. [6]
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where the state j 0i represents the item we
are looking for [9]. We will think of (2)
as the discrete path dening Grover’s al-
gorithm. Let us approximate the discrete




cj(φ) j ji (4)
depending on a continuous parameter φ.
The probabilities pj(φ) = jcj(φ)j2 to nd
item j at "computer time" φ are - for





N − 1 j 6= 0 (5)
These probabilities dene a path on "prob-
ability space". Transitions from j ψi(φ)
to j ψi(φ + δφ) are associated with the
quantum computer operations performed
by means of quantum gates. If these trans-
formations are unitary we get:












. Equation (6) is our rst
contact with Fisher’s information function.








we notice that a path of states generated
by unitary transformations are associated
with a one parameter family of probability
distributions of a constant Fisher function
of value equal to four.
3.- Introducing quantum phases by cj =p
pj e
ϕj the Fubini-Study metric on Hilbert




















The induced metric on a path





F(φ) + 4 σ2ϕ˙
)
dφ2 (9)
with _ϕ = dϕ
dφ
, and F(φ) the Fisher func-
tion dened in (7). For a path with _ϕ = 0
4, as the one dened by Grover’s algorithm,









pi = 1. (11)
Dening new variables pi = x
2
i the












xi = 0. (12)
For any quantum algorithm performed
by successive unitary transformations, we





xi = 0 (13)




= 1. It is now easy to check
that Grover’s path (5) is in fact solution
to (13). Thus, we conclude that Grover’s
algorithm denes a geodesic path in quan-
tum Hilbert space.
4.- Obviously we can always transform
a quantum algorithm into a one parame-
ter family of probability distributions pi(φ)
with i running over the Hilbert space ba-
sis. What we have pointed out in this note,
4This in particular means that entanglement remains constant
5Use of Fisher’s function to define variational problems has been also considered in [10]
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is that this family of probability distribu-
tions is completely determined by unitarity
and the condition of minima for "Fisher’s
information action" (10). Notice that in
our denition of Fisher’s information func-
tion the "computing time" φ is playing the
statistical role of an statistical estimator.
In particular with respect to this "com-
puting time", F(φ) is constant as a con-
sequence of unitarity. Hence, in Grover’s
algorithm, the "input information" at the












and it is this quantity the one that re-
mains constant in the process. This is
in contrast to the evolution of the stan-
dard Fisher’s information -contained in
fpi(φ)g- concerning where is the item we
are looking for. Obviously this second
form of information increases in the pro-
cess until reaching its maximum corre-
sponding to the point where we nd the
desired solution. It is interesting to ob-
serve that the "input information" (14) is
determined by quantum unitarity and can
not be smaller or bigger. In summary, we
conclude that from the information the-
ory point of view quantum computations
of Grover’s type appears as equivalent to
classical statistical processes governed by
minimum Fisher’s action.
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